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Abstract
Letn(q) denote the geometry of the hyperbolic lines of the symplectic polar spaceW(2n − 1, q), n  2.
We show that every hyperplane of n(q) gives rise to a hyperplane of the Hermitian dual polar space
DH(2n − 1, q2). In this way we obtain two new classes of hyperplanes of DH(2n − 1, 4) which do not
arise from the Grassmann embedding of DH(2n − 1, 4).
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1. Introduction
1.1. Embeddings of point-line geometries
Let  = (P, L, I) be a point-line geometry with point-set P , line-set L and incidence relation
I ⊆ P × L. A full (projective) embedding of  into a projective space  is an injective mapping
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e from P to the point-set of  satisfying: (i) 〈e(P )〉 = ; (ii) e(L) := {e(x)|x ∈ L} is a line
of  for every line L of . The dimensions dim() and dim() + 1 are, respectively, called
the projective dimension and the vector dimension of e. If e :  →  is a full embedding of ,
then for every hyperplane α of , e−1(α ∩ e(P )) is a hyperplane of , i.e. a proper subspace
of  meeting each line of . We say that the hyperplane e−1(α ∩ e(P )) of  arises from the
embedding e.
Two full embeddings e1 :  → 1 and e2 :  → 2 of  are called isomorphic (e1 ∼= e2) if
there exists an isomorphism f : 1 → 2 such that e2 = f ◦ e1. If e :  →  is a full embed-
ding of  and if U is a subspace of  satisfying (C1): 〈U, e(p)〉 /= U for every point p of
, (C2): 〈U, e(p1)〉 /= 〈U, e(p2)〉 for any two distinct points p1 and p2 of , then there
exists a full embedding e/U of  into the quotient space /U mapping each point p of 
to 〈U, e(p)〉. If e1 :  → 1 and e2 :  → 2 are two full embeddings of , then we say that
e1  e2 if there exists a subspace U in 1 satisfying (C1), (C2) and e1/U ∼= e2. If e :  → 
is a full embedding of , then by Ronan [26], there exists (up to isomorphism) a unique full
embedding e˜ :  → ˜ satisfying (i) e˜  e, (ii) if e′  e for some embedding e′ of , then
e˜  e′. We say that e˜ is universal relative to e. If e˜ ∼= e for some full embedding e of ,
then we say that e is relatively universal. A full embedding e of  is called absolutely uni-
versal if it is universal relative to any full embedding of  defined over the same division ring
as e.
Suppose  = (P, L, I) is a fully embeddable point-line geometry with three points on each
line. Then by Ronan [26],  admits the absolutely universal embedding and every hyperplane of
 arises from this embedding. We now give a description of the absolutely universal embedding
of . Let V be a vector space over the field F2 with a basis B whose vectors are indexed by the
elements of P , e.g. B = {vp|p ∈ P }. Let W denote the subspace of V generated by all vectors
vp1 + vp2 + vp3 where {p1, p2, p3} is a line of . Then the map p ∈ P → {vp + W,W } defines
a full embedding of  into the projective space PG(V/W) which is isomorphic to the absolutely
universal embedding of .
1.2. Dual polar spaces
With every polar space  of rank n  2, there is associated a point-line geometry  which is
called a dual polar space (of rank n). The points, respectively lines, of  are the maximal, respec-
tively next-to-maximal, singular subspaces of , with incidence given by reverse containment.
Distances d(·, ·) in  will be measured in the point or collinearity graph of . If x is a point of ,
then x⊥ denotes the set of points collinear with or equal to x and i (x), i ∈ N, denotes the set of
points at distance i from x. Two points of  are called opposite if they lie at maximal distance n
from each other.
There exists a bijective correspondence between the non-empty convex subspaces of  and
the possibly empty singular subspaces of . If α is a given singular subspace of , then the
set of all maximal singular subspaces of  containing α is a convex subspace of . Conversely,
every convex subspace of  is obtained in this way. The maximal distance between two points
of a convex subspace A of  is called the diameter of A and is denoted as diam(A). The convex
subspaces of diameter 2, respectively n − 1, of  are called the quads, respectively maxes, of .
If x is a point of , then the convex subspaces of  through x define a projective space Res(x)
of dimension n − 1. If ∗1, . . . , ∗k are (sets of) points of , then 〈∗1, . . . , ∗k〉 denotes the smallest
convex subspace of  containing ∗1, . . . , ∗k .
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By Shult and Yanushka [29] or Cameron [5] (see also [10]), every dual polar space is a near
polygon. This means that for every point p and every line L, there exists a unique point πL(p) on
L nearest to p. More generally, the following holds: if x is a point and A is a convex subspace of
, then A contains a unique point πA(x) nearest to x and d(x, y) = d(x, πA(x)) + d(πA(x), y)
for every point y of A. We call πA(x) the projection of x on A.
By Shult [28, Lemma 6.1], every hyperplane of a thick dual polar space is also a maximal
subspace. A point x of a hyperplane H of a dual polar space  is called deep (with respect to H )
if x⊥ ⊆ H . If H is a hyperplane of a thick dual polar space  and if Q is a quad of , then either
Q is contained in H or Q ∩ H is a hyperplane of Q. By Payne and Thas [25, Section 2.3.1], one
of the following cases then occurs: (1) Q ⊆ H , (2) Q ∩ H = x⊥ ∩ Q for some point x of Q; (3)
Q ∩ H is an ovoid of Q; (4) Q ∩ H is a subquadrangle of Q. If case (1), (2), (3), respectively
(4) occurs, then Q is called deep, singular, ovoidal, respectively subquadrangular (with respect
to H ). A hyperplane H of  is called locally singular, locally subquadrangular, respectively
locally ovoidal, if every non-deep quad of  is singular, subquadrangular, respectively ovoidal,
with respect to H .
Let  be a dual polar space of rank n  2 and let x be a point of . Since  is a near polygon,
the set of points of  at non-maximal distance from x is a hyperplane Hx of . We call Hx the
singular hyperplane of  with deepest point x. If A is a convex subspace of  of diameter δ  1
and if HA is a hyperplane of A, then the set H of points of  at distance at most n − δ from HA
is a hyperplane of , see e.g. De Bruyn and Vandecasteele [17, Proposition 1]. We call H the
extension of HA.
A full embedding e :  →  of a dual polar space into a projective space is called polarized
if every singular hyperplane of  arises from e. If e :  →  is a full polarized embedding of a
thick dual polar space  with point-set P , then we define Re :=⋂x∈P 〈e(Hx)〉. The subspace
Re satisfies the conditions (C1) and (C2) of Section 1.1 and e/Re :  → /Re is a full polarized
embedding of . The embedding e/Re is called the minimal full polarized embedding of . By
Cardinali et al. [7], we have e′  e/Re for any full polarized embedding e′ of .
Let ζ be a symplectic polarity of PG(2n − 1, q), n  2. The subspaces of PG(2n − 1, q)
which are totally isotropic with respect to ζ define a polar space W(2n − 1, q). We denote the
associated dual polar space by DW(2n − 1, q). The dual polar space DW(2n − 1, q), n  2, has
a nice full polarized embedding into PG
((
2n
n
)
−
(
2n
n − 2
)
− 1, q
)
, see e.g. De Bruyn [11]. This
embedding is called the Grassmann embedding of DW(2n − 1, q). By results of Cooperstein
[9] and Kasikova and Shult [20, Section 4.6], the Grassmann embedding of DW(2n − 1, q) is
absolutely universal if q /= 2. By Li [21] or Blokhuis and Brouwer [2], the absolutely universal
embedding of DW(2n − 1, 2) has vector dimension (2n+1)(2n−1+1)3 .
Let ζ be a Hermitian polarity of PG(2n − 1, q2), n  2. The subspaces of PG(2n − 1, q2)
which are totally isotropic with respect to ζ define a polar space H(2n − 1, q2). We denote the
associated dual polar space by DH(2n − 1, q2). The dual polar space DH(2n − 1, q2), n  2,
has a nice full polarized embedding into PG
((
2n
n
)
− 1, q
)
, see Cooperstein [8] and De Bruyn [13].
This embedding is called the Grassmann embedding of DH(2n − 1, q2). By results of Cooper-
stein [8] and Kasikova and Shult [20, Section 4.6], the Grassmann embedding of DH(2n − 1, q2)
is absolutely universal if q /= 2. By Li [22], the absolutely universal embedding of DH(2n − 1, 4)
has vector dimension 4n+23 . For any value of q, the Grassmann embedding of DH(2n − 1, q2)
is the minimal full polarized embedding of DH(2n − 1, q2), see Cardinali, De Bruyn and Pasini
[7, Section 4.2].
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1.3. The hyperplanes of the geometry of the hyperbolic lines of W(2n − 1, q), n  2
Consider in PG(2n − 1, q), n  2, a symplectic polarity ζ . A line L of PG(2n − 1, q) is
called totally isotropic (with respect to ζ ) if L ⊆ Lζ . If L is not totally isotropic, then L is called
a hyperbolic line. Let n(q) be the following point-line geometry:
(1) the points of n(q) are the points of PG(2n − 1, q);
(2) the lines of n(q) are the hyperbolic lines of PG(2n − 1, q);
(3) incidence is derived from PG(2n − 1, q).
n(q) is called the geometry of the hyperbolic lines ofW(2n − 1, q). The proof of the following
proposition is straightforward.
Proposition 1.1. The set of points of PG(2n − 1, q) which are contained in a given hyperplane
π of PG(2n − 1, q) is a hyperplane of n(q).
Definition. A hyperplane of n(q) is called classical if it consists of the set of points in a
hyperplane of PG(2n − 1, q).
More hyperplanes of n(q) can be constructed if q = 2. With every nonsingular quadric Q
in PG(2n − 1, 2), there is associated a unique symplectic polarity ζQ such that for every point
p ∈ Q, pζQ is the tangent hyperplane at the point p.
Proposition 1.2. IfQ is a nonsingular quadric of PG(2n − 1, 2) such that ζQ = ζ, then PG(2n −
1, 2)\Q is a hyperplane of n(2). Moreover, every totally isotropic line of PG(2n − 2, 2) inter-
sects PG(2n − 1, 2)\Q in either 0 or 2 points.
Proof. Let L be a line of PG(2n − 1, 2). We distinguish four possibilities for L.
(a) SupposeL is disjoint fromQ. Letp be an arbitrary point ofL. Thenpζ ∩ Q is a nonsingular
parabolic quadricQ(2n − 2, 2) andp is the kernel ofQ(2n − 2, 2). Since every line ofpζ through
p has a unique point in common with Q(2n − 2, 2), L is not contained in pζ and hence is a
hyperbolic line. Clearly, L contains 3 points of PG(2n − 1, 2)\Q.
(b) Suppose L intersects Q in a unique point. Then L is a totally isotropic line containing
precisely 2 points of PG(2n − 1, 2)\Q.
(c) Suppose |L ∩ Q| = 2. Then L is a hyperbolic line containing precisely 1 point of PG(2n −
1, 2)\Q.
(d) Suppose L ⊆ Q. Then L is a totally isotropic line containing 0 points of PG(2n − 1, 2)\
Q. 
Definition. If Q is a nonsingular hyperbolic (respectively elliptic) quadric in PG(2n − 1, 2) such
that ζQ = ζ , then PG(2n − 1, 2)\Q is called a hyperplane of n(2) of hyperbolic (respectively
elliptic) type.
Remark. A classical hyperplane of n(q) contains q
2n−1−1
q−1 points. Since |Q+(2n − 1, 2)| =
22n−1 + 2n−1 − 1, a hyperplane of hyperbolic type of n(2) contains precisely (22n − 1) −
(22n−1 + 2n−1 − 1) = 22n−1 − 2n−1 points. Since |Q−(2n − 1, 2)| = 22n−1 − 2n−1 − 1, a
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hyperplane of elliptic type of n(2) contains precisely (22n − 1) − (22n−1 − 2n−1 − 1) =
22n−1 + 2n−1 points.
The geometry n(2), n  2, has a full embedding into PG(2n − 1, 2) and hence admits the
absolutely universal embedding by Ronan [26]. This absolutely universal embedding has been
described in Hall [18]. Let Q(2n, 2) be a nonsingular parabolic quadric of PG(2n, 2) with kernel
k. Then the set PG(2n, 2)\(Q(2n, 2) ∪ {k}) together with the lines of PG(2n, 2) disjoint from
Q(2n, 2) define the absolutely universal embedding of n(2). (The projection from the kernel k
gives rise to the natural embedding of n(2) into PG(2n − 1, 2).) By Ronan [26], every hyper-
plane of n(2) arises from its absolutely universal embedding. The following proposition readily
follows.
Proposition 1.3. Every hyperplane of n(2) is either classical, of hyperbolic type or of elliptic
type. The total number of hyperplanes of n(2) is equal to 22n+1 − 1.
Also the hyperplanes of n(q), q  3, can easily be classified.
Proposition 1.4. Every hyperplane H of n(q), n  2 and q /= 2, is classical.
Proof. We regard H as a set of points of the natural embedding space PG(2n − 1, q) of the polar
space W(2n − 1, q).
Let x1 and x2 be two distinct points of H . We show that the line L = x1x2 of PG(2n − 1, q) is
completely contained in H . Obviously, this holds if L is a hyperbolic line. So, we may suppose
that L is a totally isotropic line.
Suppose that there exists a point x ∈ L which is not contained in H . Since q  3, there exists
a point x∗ ∈ L\{x1, x2, x}. Let α be a plane of PG(2n − 1, q) through L which is contained in
x∗ζ , but not in Lζ . The plane α is degenerate with radical equal to {x∗}. Let M denote a line in α
through x distinct from L. Then M is a hyperbolic line. Since x /∈ H , L contains a unique point
y of H . The lines x1y and x2y are hyperbolic lines which are completely contained in H since
x1, x2, y ∈ H . Now, let M ′ denote an arbitrary line in α through x distinct from L and M . Then
M ′ is a hyperbolic line containing two distinct points of H , namely M ′ ∩ x1y and M ′ ∩ x2y. It
follows that M ′ ⊆ H , contradicting x /∈ H . Hence, L ⊆ H .
By the above discussion, we know that H is a subspace of PG(2n − 1, q). If β is a subspace of
PG(2n − 1, q) of dimension at most 2n − 3, then through every point of PG(2n − 1, q)\β, there
is a hyperbolic line disjoint from β. It follows that H is a hyperplane of PG(2n − 1, q), proving
the proposition. 
1.4. The main results of this paper
The dual polar space  = DW(2n − 1, q), n  2, can be embedded as a subspace in  =
DH(2n − 1, q2). Such an embedding is called isometric if for any two points x1 and x2 of , the
distance between x1 and x2 in  equals the distance between x1 and x2 in . By De Bruyn [12,
Theorem 1.5], there exists up to isomorphisms a unique isometric embedding of DW(2n − 1, q)
into DH(2n − 1, q2).
Let W(2n − 1, q) denote the polar space associated with  and let n(q) denote the geometry
of the hyperbolic lines of W(2n − 1, q). In view of the bijective correspondence between the
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set of points of W(2n − 1, q) and the set of maxes of , n(q) is isomorphic to the point-line
geometryS whose points are the maxes of DW(2n − 1, q) and whose lines are the sets of q + 1
maxes corresponding to the hyperbolic lines of W(2n − 1, q).
The following theorem says that hyperplanes of 2m+1(q), m  1, give rise to hyperplanes of
the dual polar space DH(4m + 1, q2).
Theorem 1.5 (Section 2). Suppose n = 2m + 1  3 is odd. Let the dual polar space  =
DW(4m + 1, q) be isometrically embedded into  = DH(4m + 1, q2). For every max M
of , let M denote the unique max of  containing M. Then for every hyperplane U of S,
the set
HU :=
⎛⎝ ⋃
0im−1
i ()
⎞⎠ ∪ ( ⋃
M∈U
M
)
is a hyperplane of  = DH(4m + 1, q2).
IfU is a classical hyperplane ofS, then the hyperplaneHU of is the extension of a hyperplane
which was already described in De Bruyn [12] (see also Proposition 2.1(iii)). If m = 1 and U is a
hyperplane of elliptic type ofS, thenHU is the up to isomorphism unique locally subquadrangular
hyperplane ofDH(5, 4) [24]. Ifm = 1 andU is a hyperplane of hyperbolic type ofS, thenHU is a
hyperplane which was already described in De Bruyn and Pralle [15, Section 3.5]. The hyperplane
HU is new if m  2 and U is a non-classical hyperplane ofS.
Definition. A hyperplane ofDH(4m + 1, 4),m  1, arising from a hyperplane of elliptic (respec-
tively hyperbolic) type of 2m+1(2) is called a hyperplane of elliptic (respectively hyperbolic)
type of DH(4m + 1, 4).
We will prove the following properties of hyperplanes of hyperbolic and elliptic type.
Theorem 1.6 (Section 2). If H is a hyperplane of hyperbolic type or elliptic type of DH(4m +
1, 4),m  1, then H does not arise from the Grassmann embedding of DH(4m + 1, 4).
Theorem 1.7 (Section 2). (i) If H is a hyperplane of elliptic type of DH(4m + 1, 4),m  2,
then the underlying dual polar space DW(4m + 1, 2) which defines H is uniquely determined
by H.
(ii) If H is a hyperplane of hyperbolic type of DH(4m + 1, 4),m  1, then the underlying
dual polar space DW(4m + 1, 2) which defines H is uniquely determined by H.
Remark. The conclusion of Theorem 1.7(i) is not valid if m = 1 (i.e. for the locally subquadran-
gular hyperplane of DH(5, 4)).
We use the above results to show the following.
Theorem 1.8 (Section 3). Let e˜ : DH(5, 4) → PG(21, 2) denote the absolutely universal embed-
ding ofDH(5, 4) and letL := Re˜ denote the unique line of PG(21, 2) such that e˜/L is isomorphic
to the Grassmann embedding of DH(5, 4). Then the following holds for every dual polar space
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DW(5, 2) which is isometrically embedded in DH(5, 4):
(i) the embedding of DW(5, 2) induced by e˜ is isomorphic to the absolutely universal embed-
ding of DW(5, 2);
(ii) L ∩ 〈e˜(DW(5, 2))〉 is a point.
2. New hyperplanes of the dual polar space DH(2n− 1, 4)
Let n  2 and let q be a prime power.
We denote by  = DW(2n − 1, q) (respectively  = DH(2n − 1, q2)) the dual polar space
associated with the symplectic polar space W(2n − 1, q) (respectively the Hermitian polar space
H(2n − 1, q2)). Suppose L = {x1, x2, . . . , xq+1} is a hyperbolic line of W(2n − 1, q) (respec-
tively H(2n − 1, q2)) and let Mi , i ∈ {1, . . . , q + 1}, denote the max of (resp.) corresponding
to the point xi . (With a hyperbolic line of H(2n − 1, q2) we mean a set of q + 1 points of
H(2n − 1, q2) which arises as intersection of H(2n − 1, q2) with a line of the ambient projective
space PG(2n − 1, q2) of H(2n − 1, q2).) Then {M1,M2, . . . ,Mq+1} is a set of q + 1 mutually
disjoint maxes of  (resp. ) satisfying the property that every line meeting M1 and M2 also
meets Mi , i ∈ {3, . . . , q + 1}. The set {M1,M2, . . . ,Mq+1} can also be obtained in the following
way: if U and V are two lines of  (resp. ) such that Mi ∩ U and Mi ∩ V are opposite points
of Mi for every i ∈ {1, 2}, then {M1,M2, . . . ,Mq+1} is the set of all q + 1 maxes of  (resp. )
meeting U and V . We call {M1,M2, . . . ,Mq+1} a nice set of maxes of  (resp. ).
By abuse of notation, we will also use the symbols  and  to denote the point-sets of  and
. In the sequel, we will suppose that  is isometrically embedded into . Recall that by [12,
Theorem 1.5], there is up to isomorphism a unique way to realize such an embedding.
Definition. Let F be a convex subspace of diameter 2δ of . A set X of points of  is called
an SDPS-set of F if the following properties are satisfied: (1) no two points of X are collinear
in ; (2) if x1, x2 ∈ X such that d(x1, x2) = 2, then the unique quad Q of  through x1 and x2
intersects X in an ovoid of Q; (3) the point-line geometry ′ whose points are the elements of
X and whose lines are the quads of  containing at least two points of X (natural incidence) is
isomorphic to DW(2δ − 1, q2); (4) if x1, x2 ∈ X, then the distance between x1 and x2 in  is
twice the distance between x1 and x2 in′. In (3), we have taken the convention that DW(−1, q2)
is a point and DW(1, q2) is a line with q2 + 1 points. SDPS-sets were introduced in De Bruyn
and Vandecasteele [17].
The following proposition has been proved in De Bruyn [12, Theorem 1.6]:
Proposition 2.1 [12]. Let x be a point of . Then
(i) max{d(x,)|x ∈ } = n2 ;(ii) if d(x,) = δ, then δ(x) ∩  is an SDPS-set in a convex subspace of diameter 2δ of ;
(iii) if n is even, then the set of points of  at distance at most n2 − 1 from  is a hyperplane
of ;
(iv) if n is even, then the complement of the hyperplane of  defined in (iii) has q n
2
2 (q2 −
1)(q6 − 1) · · · (q2n−2 − 1) points.
We take the following lemma from De Bruyn [12, Lemma 3.8].
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Lemma 2.2 [12]. One of the following possibilities occurs for a line L of :
(i) all points of L have the same distance from ;
(ii) L contains a unique point nearest to .
The following lemma is precisely Lemma 3.6 of [12].
Lemma 2.3 [12]. Let x be a point of  at distance δ < n2  from , then x is collinear with a
point y at distance δ + 1 from .
This lemma has the following corollary.
Corollary 2.4. Let X denote the set of points of  at distance n2  from , then  is the set of
points of  at distance n2  from X.
Lemma 2.5. For every point x of  at distance δ ∈ {0, . . . , n2 } from  and every point y ∈
, d(x, y) = δ + d(δ(x) ∩ , y).
Proof. The map f :  → N; y → d(x, y) − δ is a so-called valuation [16] of, see [12, Lemma
3.2]. By [12, Lemma 3.3], it is the valuation of  associated with the SDPS-set δ(x) ∩  of the
unique sub-4δ-gon of  containing δ(x) ∩ . By [17, Theorem 5 (i)], f (y) = d(δ(x) ∩ , y)
for every point y of . Hence, d(x, y) = δ + f (y) = δ + d(δ(x) ∩ , y). 
Definition. For every convex subspace F of diameter δ ∈ {0, . . . , n} of, let F denote the unique
convex subspace of diameter δ of  containing F .
Lemma 2.6. For every convex subspace F of , F ∩  = F.
Proof. Ifx ∈ (F ∩ )\F , then there exists a point inF at distance diam(F ) + d(x, F ) > diam(F )
from x, contradicting the fact that diam(F ) = diam(F ). 
Lemma 2.7. Let F denote a convex subspace of . Then for every point x ∈ F at distance δ from
F, d(x,) = δ and δ(x) ∩  = δ(x) ∩ F ⊆ F.
Proof. Put δ′ := d(x,) and let y be a point of δ(x) ∩ F . By Lemma 2.5, there exists a shortest
path between x and y containing a point z of δ′(x) ∩ . Since x, y ∈ F , z ∈ F . By Lemma 2.6,
z ∈ F . Hence, δ = δ′. By Proposition 2.1 (ii) applied to the isometric embedding of  into ,
δ′(x) ∩  is an SDPS-set of the unique convex sub-4δ′-gon A of  which contains δ′(x) ∩ .
By Proposition 2.1 (ii) applied to the isometric embedding of F into F ,δ(x) ∩ F is an SDPS-set
in the unique convex sub-4δ-gonB ofwhich containsδ(x) ∩ F . Since δ = δ′ andδ(x) ∩ F ⊆
δ(x) ∩ , A = B and δ(x) ∩  = δ(x) ∩ F . 
Lemma 2.8. If F1 and F2 are two disjoint convex subspaces of , then the convex subspaces F1
and F2 of  are also disjoint.
Proof. Suppose x ∈ F1 ∩ F2 and put δ = d(x,). By Lemma 2.7, δ(x) ∩  ⊆ F1 ∩ F2 in con-
tradiction with F1 ∩ F2 = ∅. 
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Lemma 2.9. If {M1,M2, . . . ,Mq+1} is a nice set of maxes of , then {M1,M2, . . . ,Mq+1} is
a nice set of maxes of . Moreover, for all i, j ∈ {1, . . . , q + 1} and every x ∈ Mi, d(x,) =
d(πMj (x),).
Proof. Let u1 and v1 be two opposite points of M1 and let u2 and v2 be the points of M2 collinear
with u1 and v1, respectively. Put U := u1u2 and V := v1v2. Then M1,M2, . . . ,Mq+1 are the
q + 1 maxes of  which meet the lines U and V and M1,M2, . . . ,Mq+1 are the q + 1 maxes of
 which meet U and V . It follows that {M1,M2, . . . ,Mq+1} is a nice set of maxes of .
Now, let i, j ∈ {1, . . . , q + 1} with i /= j and x ∈ Mi . Put x′ := πMj (x) and  := d(x,) −
d(x′,). Then  ∈ {0, 1,−1}. Suppose  /= 0. Without loss of generality, we may suppose that  =
1 (notice thatπMi (x′) = x). Put δ := d(x,). Thend(x′,) = δ − 1. Obviously,δ−1(x′) ∩  ⊆
δ(x) ∩ . Now, by Lemma 2.7, δ−1(x′) ∩  ⊆ Mj and δ(x) ∩  ⊆ Mi . This is impossible
since Mi and Mj are disjoint. 
Assumption. From now on, we assume that n = 2m + 1 is odd. Then  ∼= DW(4m + 1, q) and
 ∼= DH(4m + 1, q2).
Definition. (1) By Proposition 2.1(i), we know that max{d(x,)|x ∈ } = m. If x ∈  such that
d(x,) = m, then by Proposition 2.1(ii), m(x) ∩  is an SDPS-set of a max of . We denote
this max by Mx .
(2) We denote byS the point-line geometry whose points are the maxes of  and whose lines
are the nice sets of maxes of  (natural incidence). ThenS ∼= 2m+1(q).
Lemma 2.10. If x ∈ m(), then x ∈ Mx.
Proof. m(x) ∩  is an SDPS-set of the max Mx of . Since m(x) ∩  carries the structure of a
dual polar space′ isomorphic to DW(2m − 1, q2), there exist two points y1, y2 ∈ m(x) ∩  at
distance 2m from each other. (Recall that distances in ′ are half of the corresponding distances
in Mx .) Since 2m = d(y1, y2) = d(y1, x) + d(x, y2), x is contained in a shortest path between
y1 and y2. Since y1, y2 ∈ Mx , also x ∈ Mx . 
Lemma 2.11. If {M1,M2, . . . ,Mq+1} is a line ofS, then there exists a line {x1, x2, . . . , xq+1} ⊆
m() such that Mxi = Mi for every i ∈ {1, . . . , q + 1}.
Proof. By Lemma 2.9, {M1,M2, . . . ,Mq+1} is a nice set of maxes of . By Proposition 2.1(i),
there exists a point x1 ∈ M1 at distance m from M1. By Lemma 2.7, this point x1 is contained in
m(). Since {M1,M2, . . . ,Mq+1} is a nice set of maxes of , there exists a line L through x1
meeting M2,M3, . . . ,Mq+1. Put {xi} = Mi ∩ L, i ∈ {2, . . . , q + 1}. By Lemma 2.9, d(xi,) =
m for every i ∈ {2, . . . , q + 1}. Now, for every i ∈ {1, . . . , q + 1}, d(xi,) = d(xi,Mi) = m
and m(xi) ∩  = m(x) ∩ Mi is an SDPS-set of Mi by Proposition 2.1(ii) and Lemma 2.7.
Hence, Mxi = Mi for every i ∈ {1, . . . , q + 1}. 
Lemma 2.12. Let L be a line of  containing a point of m(). Then there are two possibilities:
(1) L contains a unique point u ∈ m−1() and all the remaining points of L are contained
in m(). In this case Mx1 = Mx2 for all x1, x2 ∈ L\{u}.
(2) L ⊆ m(). In this case, {Mx |x ∈ L} is a nice set of maxes of .
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Proof. By Lemma 2.2, there are two possibilities for the line L: (1) L contains a unique point
u ∈ m−1() and all the remaining points of L are contained in m(); (2) L ⊆ m().
Suppose possibility (1) occurs. Let x1 and x2 be two arbitrary points of L\{u}. We have
m−1(u) ∩  ⊆ m(x1) ∩  ⊆ Mx1 . Now, let y be an arbitrary point of m−1(u) ∩ . Then u
is contained on a shortest path between y and x1. Since y, x1 ∈ Mx1 , u ∈ Mx1 and hence also
x2 ∈ Mx1 . Considering the isometric embedding of Mx1 into Mx1 , we see that m(x2) ∩ Mx1 is
an SDPS-set of Mx1 (recall Proposition 2.1(ii)). By Lemma 2.7, m(x2) ∩ Mx1 = m(x2) ∩ .
Hence, Mx2 = Mx1 .
Suppose possibility (2) occurs. Let x1 and x2 be two distinct points of L and put Mi := Mxi ,
i ∈ {1, 2}. Since L ⊆ m(), LM1 (by Proposition 2.1(iii) applied to the isometric embedding
of M1 into M1). Hence, M1 /= M2 and M1 /= M2.
We prove that M1 ∩ M2 = ∅. Suppose the opposite. Then N := M1 ∩ M2 is a convex subspace
of diameter 2m − 1 of. SinceM1 ∩ M2 containsN , it also containsN and henceN = M1 ∩ M2.
We show that at least one of x1, x2 belongs to N . If this would not be the case, then x1 ∈ M1\M2
and x2 ∈ M2\M1. Now, N is a max of M1 which contains a unique point u collinear with x1.
The point u coincides with the unique point of M2 collinear with x1. Hence, u = x2. But this
contradicts the fact that x2 /∈ N . Hence, at least one of x1, x2 belongs to N . Without loss of
generality, we may suppose that x1 ∈ N . By Proposition 2.1 (i), d(x1, N)  m − 1 and hence
also d(x1,)  m − 1, in contradiction with the fact that d(x1,) = m. Hence, M1 ∩ M2 = ∅.
Since M1 and M2 are disjoint, they are contained in a unique nice set {M1,M2,M3, . . . ,Mq+1}
of maxes of . By Lemma 2.9, {M1,M2,M3, . . . ,Mq+1} is a nice set of maxes of . Since
x1 ∈ M1 and x2 ∈ M2, L intersects each Mi , i ∈ {3, . . . , q + 1}, in a unique point, say xi . By
Lemma 2.9, d(xi,) = m for every i ∈ {1, . . . , q + 1}. By Proposition 2.1 (ii) and Lemma 2.7,
m(xi) ∩  = m(xi) ∩ Mi is an SDPS-set ofMi . Hence,Mxi = Mi for every i ∈ {1, . . . , q + 1},
i.e. {Mx |x ∈ L} = {M1,M2, . . . ,Mq+1}. This proves the lemma. 
Definition. For every set U of maxes of , put
HU :=
⎛⎝ ⋃
0im−1
i ()
⎞⎠ ∪ ( ⋃
M∈U
M
)
.
Proposition 2.13. Let U be a set of maxes of . Then HU is a hyperplane of  if and only if U
is a hyperplane ofS.
Proof. Suppose U is a hyperplane ofS and let L denote an arbitrary line of . By Lemma 2.12,
we can distinguish three possibilities.
(1) All points of L lie at distance at most m − 1 from , Then L ⊆ H .
(2) L contains a unique point u ∈ m−1() and all the remaining points of L are contained in
m(). Then there exists a max M of  such that Mx = M for every point x ∈ L\{u}. If M ∈ U ,
then L ⊆ HU . If M /∈ U , then L ∩ HU = {u}.
(3) L ⊆ m(). Put L = {x1, x2, . . . , xq+1} and put Mi = Mxi for every i ∈ {1, . . . , q + 1}.
Then {M1,M2, . . . ,Mq+1} is a line of S. If {M1,M2, . . . ,Mq+1} ⊆ U , then L = {x1, x2, . . . ,
xq+1} ⊆ HU . If {M1,M2, . . . ,Mq+1} ∩ U = {Mi} for a certain i ∈ {1, 2, . . . , q + 1}, then L ∩
HU = {xi}.
Conversely, suppose HU is a hyperplane of  and let {M1,M2, . . . ,Mq+1} be an arbitrary line
ofS. By Lemma 2.11, there exists a line L = {x1, x2, . . . , xq+1} ⊆ m() such that Mxi = Mi
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for every i ∈ {1, . . . , q + 1}. If L ⊆ HU , then {M1,M2, . . . ,Mq+1} ⊆ U . If L ∩ HU = {xi} for
a certain i ∈ {1, 2, . . . , q + 1}, then {M1,M2, . . . ,Mq+1} ∩ U = {Mi}. 
Proposition 2.14. If H is a hyperplane of  containing ⋃0im−1 i (), then H = HU for a
certain hyperplane U ofS.
Proof. We show that if M is a max of , then either M ⊆ H or M ∩ H ⊆⋃0im−1 i ().
Consider the isometric embedding of M into M . By Proposition 2.1(iii), the set of points of
M at distance at most m − 1 from M is a hyperplane HM of M . This hyperplane HM of M
is completely contained in H . By Shult [28, Lemma 6.1], HM is a maximal subspace of M .
So, if there exists a point x ∈ H ∩ (M\HM), then M ⊆ H . This proves that either M ⊆ H or
M ∩ H ⊆⋃0im−1 i ().
Now, let U denote the set of maxes M of for which M ⊆ H . Then by the previous paragraph,
H =
⎛⎝ ⋃
0im−1
i ()
⎞⎠ ∪ ( ⋃
M∈U
M
)
= HU.
By Proposition 2.13, U is a hyperplane ofS. 
Proposition 2.15. If U is a classical hyperplane ofS, then HU is the extension of a hyperplane
H ′ in a max M ′ ∼= DH(4m − 1, q2) of . The hyperplane H ′ of M ′ arises from an isometric
embedding of DW(4m − 1, q) into M ′(cf. P roposition2.1(iii)).
Proof. Since U is a classical hyperplane, it consists of all maxes of  which have nonempty
intersection with a given max M of . Since M ∈ U , M ⊆ HU .
Now, let HM denote the set of points of M at distance at most m − 1 from M . By Proposition
2.1(iii), HM is a hyperplane of M .
Let x be a point of 1(M) ∩ 1(HM). Then d(x,M) = d(x, πM(x)) + d(πM(x),M)  1 +
(m − 1) = m. If d(x,)  m − 1, then x ∈ HU . Suppose now that d(x,) = m. Then m(x) ∩
M /= ∅. It follows that Mx ∩ M /= ∅. So, Mx ∈ U and x ∈ HU .
Let x be a point of1(M)\1(HM). Let x′ denote the unique point of M collinear with x. Since
x /∈ 1(HM), d(x′,M) = m. By Lemma 2.7, d(x′,) = m and Mx′ = M . If the line x′x contains
a point u at distance m − 1 from , then u is contained in a shortest path between x′ and a point
of m−1(u) ∩  ⊆ m(x′) ∩  ⊆ M . This would imply that u ∈ M and x ∈ M , a contradiction.
Hence, xx′ ⊆ m(). By Lemma 2.12 (2), Mx′ = M and Mx are disjoint. It follows that Mx /∈ U
and x /∈ HU .
The proposition follows from the discussion above. 
So, the hyperplanes of DH(4m + 1, q2) arising from classical hyperplanes of 2m+1(q) are
basically known. We will now study the hyperplanes ofDH(4m + 1, 4) arising from non-classical
hyperplanes of 2m+1(2). These hyperplanes will turn out to be new if m  2.
Definition. Suppose q = 2. If U is a hyperplane of elliptic (respectively hyperbolic) type of
S, then HU is called a hyperplane of elliptic (respectively hyperbolic) type of  =
DH(4m + 1, 4).
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Proposition 2.16. (a) A hyperplane of elliptic type of DH(4m + 1, 4) contains ∏2mi=0(22i+1 +
1) − (24m+1 − 22m − 1) · 22m2 ·∏m−1i=0 (24i+2 − 1) points.
(b) A hyperplane of hyperbolic type ofDH(4m + 1, 4) contains∏2mi=0(22i+1 + 1) − (24m+1 +
22m − 1) · 22m2 ·∏m−1i=0 (24i+2 − 1) points.
Proof. Suppose H is a hyperplane of elliptic type of = DH(4m + 1, 4), i.e. H = HU with U a
certain hyperplane of elliptic type ofS. Let H denote the complement of H in DH(4m + 1, 4). If
x ∈ H , thenMx is a max of not contained inU . There are |Q−(4m + 1, 2)| = 24m+1 − 22m − 1
possibilities for Mx and for given Mx there are 22m
2 ·∏m−1i=0 (24i+2 − 1) possibilities for x by
Proposition 2.1 (iv). Claim (a) now readily follows from the fact that there are∏2mi=0(22i+1 + 1)
points in DH(4m + 1, 4). Claim (b) follows from a similar argument taking into account that
|Q+(4m + 1, 2)| = 24m+1 + 22m − 1. 
Examples. (a) A hyperplane H of elliptic type of DH(5, 4) contains precisely 567 points. By
De Bruyn and Pralle [14,15], there exists up to isomorphism a unique such hyperplane. H is
isomorphic to the unique locally subquadrangular hyperplane of DH(5, 4) [24]. The points and
lines contained in H define a near hexagon E3 which has U4(3) as a group of automorphisms. So,
we obtain a new nice construction for the near hexagon E3 as a substructure of DH(5, 4). Other
constructions of E3 can be found in Aschbacher [1, p. 31], Brouwer et. al. [3, p. 356], Brouwer
and Wilbrink [4, p. 174], Kantor [19, p. 240], Pasini and Shpectorov [24, p. 279], Ronan and
Smith [27, p. 285].
(b) A hyperplaneH of hyperbolic type ofDH(5, 4) contains precisely 471 points. By De Bruyn
and Pralle [14,15], there exists up to isomorphism a unique such hyperplane. This hyperplane was
first constructed in De Bruyn and Pralle [15, Section 3.5].
From [14,15], it follows that no hyperplane of elliptic and hyperbolic type of DH(5, 4) arises
from its Grassmann embedding. We will now show that this property holds for every hyperplane
of elliptic and hyperbolic type of DH(4m + 1, 4), m  1. In order to achieve this goal, we will
calculate the total number of lines contained in H through a given point of H .
Proposition 2.17. Let H be a hyperplane of elliptic type of DH(4m + 1, 4),m  1, arising from
a hyperplane U(of elliptic type) ofS. Let x be a point of H.
(1) If d(x,)  m − 2, then all 32·24m−3−13 lines through x are contained in H.
(2) If d(x,) = m − 1, then either 11·24m−3−13 or 23·2
4m−3−1
3 lines through x are contained in
H. If m = 1, then precisely 15 lines through x are contained in H.
(3) If d(x,) = m, then precisely 20·24m−3+3·22m−1−13 lines through x are contained in H.
Proof. (1) Since⋃0im−1 i () ⊆ H , Claim (1) clearly holds.
(2) Let x be a point of m−1(). Then m−1(x) ∩  is contained in a unique convex subspace
F of diameter 2m − 2 of  which corresponds with a totally isotropic plane α of the polar
space W(4m + 1, 2) associated with . Let PG(4m + 1, 2) denote the ambient projective space
of W(4m + 1, 2) and let Q−(4m + 1, 2) denote the elliptic quadric of PG(4m + 1, 2) associated
with the hyperplaneU ofS and whose corresponding symplectic polarity ζ definesW(4m + 1, 2).
A line of α is totally isotropic and hence intersects the elliptic quadric in either a point or the
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whole line (see the discussion in the proof of Proposition 1.2). Since this holds for every line of
α, α ∩ Q−(4m + 1, 2) is either α or a line L of α.
If m = 1, then Q−(4m + 1, 2) = Q−(5, 2) does not contain planes and hence α ∩ Q−(4m +
1, 2) is a line of α. If λ denotes the number of points of α\Q−(4m + 1, 2). Then λ ∈ {0, 4} if
m  2 and λ = 4 if m = 1.
Every line through x contained in F is contained in H , since each such line contains a unique
point of m−2() and 2 points of m−1() (Recall Proposition 2.1 (iii) and Lemma 2.7). There
are 2
4m−4−1
3 such lines.
Let G denote the set of all 7 sub-(4m − 2)-gons G of  where G is one of the 7 sub-(4m −
2)-gons of  through F . 
Claim. G partitions the set of lines through x contained in m−1().
Proof. Let G ∈ G and let L be a line of G through x not contained in F . Applying Proposition
2.1(i) to the isometric embedding of G into G, we see that every point of L has distance at most
m − 1 from . If L contains a point of m−2(), then it is contained in F , a contradiction. So,
L ⊆ m−1().
Conversely, let L be a line through x contained in m−1(). Then L is not contained in
F . Let y be an arbitrary point of L\{x} and let z denote an arbitrary point of m−1(x) ∩ F =
m−1(x) ∩ . Since L is not contained in F , d(y, z) = d(y, x) + d(x, z) = m. By Lemma 2.5,
there exists a point u inm−1(y) ∩  collinear with z. We have d(x, u)  d(x, y) + d(y, u) = m.
If d(x, u) = m − 1, then since d(x, z) = m − 1, there exists a point on uz at distance m − 2 from
x, a contradiction. Hence, d(x, u) = m. Since F has diameter m − 1, u /∈ F . Let G denote the
convex sub-(4m − 2)-gon of  containing F and u and let G′ denote the convex sub-(4m − 2)-
gon of  containing F and L. Then F ⊆ G′. Since u is on a shortest path between z ∈ G′ and
y ∈ G′, also u ∈ G′. Hence, G ⊆ G′. Since G and G′ have the same diameter, we necessarily
have G′ = G. So, L ⊆ G. This finishes the proof of the claim.
Every element of G contains 24m−4 lines through x not contained in F . Hence, there are
7 · 24m−4 lines through x contained in m−1().
If G is a convex sub-4m-gon of  through F , then G contains 24m−4 + 24m−2 lines through
x not contained in F , 3 · 24m−4 of these lines are contained in m−1(). (Notice that there are 3
convex sub-(4m − 2)-gons of throughF contained inG.) Hence, 24m−4 + 24m−2 − 3 · 24m−4 =
24m−3 lines of G through x contain 2 points of m(). These lines are contained in H if and only
if G corresponds with one of the λ points of α\Q−(4m + 1, 2). Hence, there are λ · 24m−3 lines
through x contained in H which contain 2 points of m().
Summing all contributions, we find that 24m−4−13 + 7 · 24m−4 + λ · 24m−3 = (11+3λ)·2
4m−3−1
3
lines through x are contained in H . Claim (2) now follows from the fact that λ = 4 if m = 1 and
λ ∈ {0, 4} if m  2.
(3) Now, let x be a point of H such that d(x,) = m. Then Mx ∈ U . If L is one of the 24m−13
lines through x contained in Mx , then L ⊆ H , see case (2) in the proof of Proposition 2.13.
If L is a line through x not contained in Mx , then {My |y ∈ L} is a line of S through Mx . If
{My |y ∈ L} ⊆ U , then L ⊆ H . If {My |y ∈ L} ∩ U = {Mx}, then L ∩ H = {x}. Now, the map
L → {My |y ∈ L} defines a bijection between the set of lines through x not contained in Mx and
the set of lines ofS containing Mx . So, the total number of lines through x contained in H , but
not in Mx equals the total number of lines of PG(4m + 1, 2) through x˜ disjoint from the elliptic
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quadric Q−(4m + 1, 2). Here, x˜ denotes the point of W(4m + 1, 2) corresponding to the max Mx
of  = DW(4m + 1, 2). Notice that x˜ /∈ Q−(4m + 1, 2) since Mx ∈ U . The number of lines of
PG(4m + 1, 2) through x˜ containing a unique point ofQ−(4m + 1, 2) is equal to |˜xζ ∩ Q−(4m +
1, 2)| = |Q(4m, 2)| = 24m − 1. The number of lines of PG(4m + 1, 2) through x˜ containing two
points of Q−(4m + 1, 2) is equal to |Q−(4m+1,2)|−|Q(4m,2)|2 = (2
4m+1−22m−1)−(24m−1)
2 = 24m−1 −
22m−1. Hence, the number of lines of PG(4m + 1, 2) through x˜ disjoint from Q−(4m + 1, 2) is
equal to (24m+1 − 1) − (24m − 1) − (24m−1 − 22m−1) = 24m−1 + 22m−1.
By the above, we know that the total number of lines through x contained in H is equal to
24m−1
3 + 24m−1 + 22m−1 = 20·2
4m−3+3·22m−1−1
3 . 
Proposition 2.18. Let H be a hyperplane of hyperbolic type of DH(4m + 1, 4),m  1, arising
from a hyperplane U(of hyperbolic type) ofS. Let x be a point of H.
(1) If d(x,)  m − 2, then all 32·24m−3−13 lines through x are contained in H.
(2) If d(x,) = m − 1, then either 11·24m−3−13 or 23·2
4m−3−1
3 lines through x are contained in
H.
(3) If d(x,) = m, then precisely 20·24m−3−3·22m−1−13 lines through x are contained in H.
Proof. The proof is completely similar to the proof of Proposition 2.17. We only indicate the
differences:
(i) Q−(4m + 1, 2) should be replaced by Q+(4m + 1, 2) (several times).
(ii) Since Q+(5, 2) contains planes, the possibility λ = 0 is allowed if m = 1.
(iii) The number of lines of PG(4m + 1, 2) through x˜ containing 2 (respectively 0) points of
Q+(4m + 1, 2) is equal to 24m−1 + 22m−1 (respectively 24m−1 − 22m−1). Hence, the total number
of lines through x contained in H is equal to 24m−13 + 24m−1 − 22m−1 = 20·2
4m−3−3·22m−1−1
3 . 
Proposition 2.19. If H is a hyperplane of elliptic type of DH(4m + 1, 4),m  2, then the under-
lying dual polar space  ∼= DW(4m + 1, 2) is uniquely determined by H.
Proof. Notice that 11·24m−3−13 <
20·24m−3+3·22m−1−1
3 <
23·24m−3−1
3 <
32·24m−3−1
3 for every m  2.
Now, let X′ denote the set of all points x of H with the property that the number of lines
through x contained in H is equal to 20·24m−3+3·22m−1−13 . Put X := X′ ∪ H , where H denotes the
complement of H in DH(4m + 1, 4). If H arises from a dual polar space  ∼= DW(4m + 1, 2)
which is isometrically embedding in , then by Proposition 2.17, X = m(). Proposition 2.19
now follows from Corollary 2.4. 
Remark. The conclusion of Proposition 2.19 is not valid if H is a locally subquadrangular
hyperplane of DH(5, 4) (the case m = 1). Since the automorphism group of DH(5, 4) stabilizing
H acts transitively on the point-set of H , H contains several dual polar spaces isomorphic to
DW(5, 2) which are isometrically embedded in DH(5, 4). Each such dual polar space is a good
candidate for constructing H , see Proposition 2.14.
Proposition 2.20. If H is a hyperplane of hyperbolic type of DH(4m + 1, 4),m  1, then the
underlying dual polar space  ∼= DW(4m + 1, 2) is uniquely determined by H.
Proof. Notice that 11·24m−3−13 <
20·24m−3−3·22m−1−1
3 <
23·22m−3−1
3 <
32·22m−3−1
3 for every m  1.
Let X′ denote the set of all points x of H with the property that the number of lines through
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x contained in H is equal to 20·24m−3−3·22m−1−13 and put X := X′ ∪ H , where H denotes the
complement of H in DH(4m + 1, 4). If H arises from a dual polar space  ∼= DW(4m + 1, 2)
which is isometrically embedded in , then by Proposition 2.18, X = m(). Proposition 2.20
now follows from Corollary 2.4. 
Proposition 2.21. If H is a hyperplane of elliptic or hyperbolic type of DH(4m + 1, 4),m  1,
then H does not arise from the Grassmann embedding of DH(4m + 1, 4).
Proof. Let x be a point of H at distance m from . The setL of lines through x contained in H
is a set of points of the projective space Res(x) ∼= PG(2m, 4). Notice thatL does not coincide
with the whole point-set of Res(x) since x is not deep with respect to H (see Propositions 2.17
and 2.18). Every line of Mx through x is contained in H . Hence,L contains a hyperplane.
Suppose H arises from the Grassmann embedding of DH(4m + 1, 4). Then by Pasini [23,
Theorem 9.3] or Cardinali and De Bruyn [6, Corollary 1.5],L is a possibly degenerate Hermitian
variety of Res(x). Since L contains a hyperplane, there are only two possibilities: either L
is a hyperplane of Res(x) or L is the union of 3 hyperplanes through a given subspace of
co-dimension 2 of Res(x). In the former case, |L| = 4
2m−1
3 = 8·2
4m−3−1
3 and in the latter case
|L| = 42m−1−13 + 3 · 42m−1 = 20·2
4m−3−1
3 . A contradiction follows from either Proposition 2.17(3) or Proposition 2.18 (3). 
3. A property of the universal embedding of DH(5, 4)
Let the dual polar space DW(5, 2) be isometrically embedded into the dual polar space
DH(5, 4). For every quad Q of DW(5, 2), let Q denote the unique quad of DH(5, 4) containing
Q. As before, let S be the point-line geometry whose points are the quads of DW(5, 2) and
whose lines are the nice sets of 3 quads (natural incidence). ThenS ∼= 3(2). For every set U of
quads of DW(5, 2), put HU := DW(5, 2) ∪ (⋃Q∈U Q).
Now, let e˜ : DH(5, 4) → ˜ ∼= PG(21, 2) denote the universal embedding of DH(5, 4). Then
there exists a unique line L˜ in ˜ such that e˜/L˜ is isomorphic to the Grassmann embedding of
DH(5, 4) into PG(19, 2). By Cardinali, De Bruyn and Pasini [7, Lemma 2.2 and Section 4.2],
L˜ = Re˜. The embedding e˜ of DH(5, 4) induces a full embedding e˜′ of DW(5, 2) into a subspace
˜
′
of ˜. Put n˜ := dim(˜) − dim(˜′).
By Ronan [26], every hyperplane of DH(5, 4) arises from a hyperplane of ˜. Hence, every
hyperplane of DH(5, 4) containing DW(5, 2) arises from a hyperplane of ˜ containing ˜′. It
follows that there are 2n˜ − 1 hyperplanes in DH(5, 4) containing DW(5, 2). By Propositions
2.13 and 2.14, we know that there exists a bijective correspondence between the hyperplanes
of DH(5, 4) containing DW(5, 2) and the hyperplanes ofS ∼= 3(2). Hence, 2n˜ − 1 = 27 − 1,
i.e. n˜ = 7. It follows that dim(˜′) = dim(˜) − n˜ = 14. This implies that e˜′ is isomorphic to the
absolutely universal embedding of DW(5, 2) (which is the unique full embedding of DW(5, 2)
of projective dimension 14). This proves the first part of Theorem 1.8.
If H is a hyperplane of DH(5, 4) arising from a classical hyperplane of S ∼= 3(2), then
by Proposition 2.15, H is the extension of a W(2)-subquadrangle of a Q(5, 2)-quad. Such a
hyperplane arises from the Grassmann embedding of DH(5, 4) by De Bruyn and Pralle [14]. If
H is a hyperplane of DH(5, 4) arising from a non-classical hyperplane ofS, then by Proposition
2.21, H does not arise from the Grassmann embedding of DH(5, 4) (see also [14] and [15]).
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Now, let e : DH(5, 4) →  ∼= PG(19, 2) denote the Grassmann embedding of DH(5, 4) and
let e′ : DW(5, 2) → ′ denote the embedding of DW(5, 2) induced by e. Put n = dim() −
dim(′). The number of hyperplanes of DH(5, 4) arising from the Grassmann embedding and
containing DW(5, 2) is equal to 26 − 1 (i.e., the number of classical hyperplane of 3(2)). This
number must also be equal to 2n − 1. Hence, n = 6 and dim(′) = dim() − n = 13. Since the
Grassmann embedding of DH(5, 2) induces an embedding of DW(5, 2) of projective dimension
13, L˜ intersects 〈e˜(DW(5, 2))〉 in a unique point (recall that e ∼= e˜/L˜). This finishes the proof of
Theorem 1.8.
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